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Abstract— Haptic actuators employing speed reductions 
display desirable increased force capability but have difficulty 
producing feelings of free space motion due to friction and inertia 
magnification implicit to actuator dynamics. This work describes 
a control topology that enables geared haptic actuators to produce 
highly transparent free space motion when combined with 
backlash nonlinearities. While the presence of backlash enables 
the proposed free space motion control, it is also a source of 
instability, limit cycles, and to some extent rendering distortion. 
We introduce a smoothed gain scheduling function to mitigate 
limit cycling and expand the range of stable impedances that can 
be rendered. The introduction of a design metric called the free 
space envelope provides a framework to evaluate the effectiveness 
of the free space controller. Together these two control approaches 
enable transparent free space, high-force, and stable haptic 
interactions in systems with backlash, a characteristic common in 
many speed reducers. 
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I. INTRODUCTION 

Kinesthetic haptic actuators must satisfy specific design 
requirements to function properly. Requirements for an 
interface, and consequently the actuators that compose it, can be 
summarized succinctly into three necessary criteria for an 
effective interface: Free space must feel free. (i.e., 
transparency), solid virtual objects must feel stiff. (i.e., stability), 
and virtual constraints must not be easily saturated [1]. 

Kinesthetic haptic actuation approaches can be generally 
categorized into impedance and admittance-controlled devices. 
Impedance-based designs are typically characterized by 
efficient low-reduction ratios. Low-reduction ratios (typically 
less than 10:1) facilitate transparent free space operation but 
limit the achievable rendering stiffness and high force rendering 
due to stability and actuator saturation constraints [1-3]. As 
speed reducer ratios increase, the torque capability of kinesthetic 
actuators linearly increases. However, the reflected inertia of the 
system increases with the reduction ratio squared. Increased 
inertia and damping from sizeable speed reducer ratios limit a 
device's ability to display free space motion.   

Conversely, Admittance-based designs typically employ 
much larger gear ratios and consequently have much higher 
open-loop output impedances. Employing a high gear ratio 
allows these devices to display stiff high-impedance virtual 
constraints which are not easily saturated. Furthermore, closed-
loop force control and an inner position control loop are used to 
reduce the system’s output impedance for free space rendering. 

Unfortunately, stability and bandwidth restrictions of the force 
control loop limit an admittance control device’s ability to mask 
its naturally high output impedance. Consequently, free-space 
rendering can feel less free as compared to impedance control 
approaches [4-6]. 

Other actuation approaches exist that can provide solutions 
to the problems inherent to impedance and admittance control 
approaches [7-10]. However, these approaches often employ 
redundant actuators, complicated designs, and complicated 
control approaches, which have hindered their widespread 
adoption. 

In this work, we hope to address this need, through a novel 
control approach which allows highly geared actuators with 
backlash to achieve free space motion comparable to typical 
low-reduction devices like [1] and [2]. The larger gear reduction 
allows the actuator to display significantly higher forces and 
stiffness than typical impedance-controlled devices. To enable 
free-space transparency, we introduce a relative motion 
controller (see Fig. 1) that causes the motor to track the load 
position such that the gears are unloaded (or within the backlash 
gap) and decoupled from the load. This reduces the output 
impedance to that of the device's output dynamics alone (i.e. 
inertia and friction), improving free-space transparency. 
Furthermore, to mitigate common stability problems associated 
with backlash in position-controlled devices and impedance-
based haptic devices [11,12] we introduce a gain scheduling 
control strategy which reduces the device’s rendered impedance 
while the actuator is traversing the backlash gap (see  Fig. 1). 
The control strategy enables high stiffness and high force 
rendering while avoiding limit-cycling that can occur when the 
gear train is unloaded (i.e. during load reversals). The controller 
switches between these two modes, relative motion control and  
gain scheduling control, to render free space and virtual 
environments. We find that the proposed approach enables 
convincing and accurate unilateral haptic environments 
common to kinesthetic haptic devices despite distortion 
introduced by backlash. 

To facilitate the discussion of the proposed control approach, 
we first introduce a one-degree-of-freedom, nonlinear actuator 
model (section II). The control approach is discussed in two 
parts, first focusing on the free-space motion controller (section 
III), and then discussing the rendering control approach (section 
IV). The remainder of the paper includes an experimental 
evaluation (section V), and a short discussion of the control 
approaches limitations (section VI).
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Figure 1. A schematic, block diagram of the actuation approach, and parameter table. The mux indicates the “or” nature of the control approach. The relative motion 
controller is used to for free space rendering or the gain scheduled approach is used while rendering an impedance. Tabulated parameters are used for all calculations. 

II. SINGLE DEGREE OF FREEDOM MODEL 

 A single degree of freedom model of our actuator is shown 
in Fig. 1. The physical actuator model is composed of an 
equivalent actuator side inertia and damping, a dead zone 
accounting for backlash, a relative stiffness representing the 
reducer’s internal compliance, and a load inertia and damping. 
The model assumes both actuator and load position feedback. 
Additionally, time delays due to discretization or measurement 
latency are lumped into the impedance controller and the relative 
motion controller. 

We model backlash with the commonly accepted dead zone 
[12]. The dead zone nonlinearity blocks any output over a range 
of inputs and prevents torque transfer between the motor and the 
load side within a small range of relative position amplitudes. 

III. FREE-SPACE CONTROL APPROACH 

 As mentioned previously, a lack of transparency is likely the 
most significant obstacle to overcome when increasing an 
impedance-based haptic device’s rendering capability through 
higher reduction ratios. A free space rendering control approach 
is necessary to enable the use of high-reduction actuators in 
haptics.  

B. Relative Motion Control 

Relative motion control exploits backlash to reduce the 
output impedance of our actuator. The relative motion 
controller, C(s), and an optional feed-forward controller, F(s), 
attempt to position the motor within the backlash dead zone (see 
Fig 1). The relative motion controller, C(s), typically could take 
the form of a proportional-derivative (PD) controller or lead 
compensator whereas the optional feed-forward control, F(s), 
could act directly on the desired acceleration. Relative motion 
control will prevent motor dynamics from being perceived on 
the load side where the user is coupled to the haptic device. 
Consequently, the device presents a high degree of free space 
transparency to the user, equal to that of the output link alone.  

Our approach is somewhat comparable to the approach 
utilized by series elastic actuators in that it controls a relative 
deflection measurement [13]. However, the aim of our approach 
is to provide a zero torque mode instead of a torque source. 
Encountered type haptic displays utilize an analogous position 
tracking approach [14,15]. Other works employing similar 
control structures include [16] and [17] where relative position 
measurements have been recognized to induce a so-called 
“idling effect” which was used to improve force control. 

Additionally, relative position control has been shown to help 
damp flexible modes in position control applications [18].  

C. The Free Space Envelope 

While the free space motion controller described in the 
previous section can decouple the load from the drive train, to 
do so the finite dead-zone width (i.e. backlash) requires that the 
actuator track the load within this dead zone. Tracking errors 
that exceed the dead zone width will cause the actuator and load 
to make contact across the actuator’s backlash and result in 
compromised free space motion.  

 To understand this effect, we define the free space envelope, 
as the frequency-dependent range of device position amplitudes 
over which the load side (i.e. device) dynamics remain isolated 
from the motor side dynamics. To derive the free space envelope 
we start with the equations of motion of the actuator dynamics.  

𝜏𝑚(𝑡) = 𝐽𝑚𝑒𝑞𝜃�̈�(𝑡) + 𝐵𝑚𝑒𝑞𝜃�̇�(𝑡) + 𝑁(𝐴)𝐾𝑠𝑝 𝜃𝑚(𝑡) − 𝜃𝑙(𝑡)  (1) 

0 = 𝐽𝑙𝜃�̈�(𝑡) + 𝐵𝑙𝜃�̇�(𝑡) + 𝑁(𝐴)𝐾𝑠𝑝 𝜃𝑙(𝑡) − 𝜃𝑚(𝑡)  (2) 

Where τm(t) is the actuator torque input, Jmeq is the equivalent 
actuator side inertia, and Bmeq is the equivalent actuator damping. 
The dead zone nonlinearity, N(A), can be considered a real-
valued gain which varies between zero and one as a function of 
amplitude [19,20]. For amplitudes of oscillation below the 
backlash width N(A) remains zero and the final term of (1) can 
be eliminated. Taking the Laplace transform of (1), adding the 
feed-forward F(s) and relative motion control dynamics C(s) as 
shown in Fig. 1, and recognizing that the motor position θm can 
be rewritten in terms of the relative deflection ∆θ and the load 
position θl leads to (3). 

𝐹 (𝑠)𝜃𝑙(𝑠) − 𝐶(𝑠)𝛥𝜃(𝑠) = 𝐽𝑚𝑒𝑞𝑠2 + 𝐵𝑚𝑒𝑞𝑠 𝛥𝜃(𝑠) + 𝜃𝑙(𝑠)  (3) 

To form the transfer function l(s)/(s), we substitute 
backlash width δ in place of relative position, , in recognition 
that this expression is valid only over finite oscillation 
amplitudes while the backlash gap is open (i.e. the backlash gap 
closes at oscillation amplitudes δ or greater). Rearranging and 
evaluating the magnitude yields an expression defining the free 
space envelope.  

𝜃𝑙(𝑠)

𝛿(𝑠)
=

𝐽𝑚𝑒𝑞𝑠2 + 𝐵𝑚𝑒𝑞𝑠 + 𝐶(𝑠)

− 𝐽𝑚𝑒𝑞𝑠2 + 𝐵𝑚𝑒𝑞𝑠 + 𝐹 (𝑠)
 (4) 

Implementing proportional and derivative control as the 
relative motion controller (i.e. C(s) = Kp + Kds) and neglecting 
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physical system damping, (Bmeq = 0), and feed-forward control 
(F(s) = 0) yields a free space envelope of the form (5). 
Normalizing by the motor inertia, Jmeq, leads to the 
dimensionless expression in (6) where Kd is the derivative 
control gain, Kp is the proportional position control gain, ζ is the 
normalized damping ratio, and ωn is the relative position 
controller’s natural frequency. 

𝜃𝑙(𝑠)

𝛿(𝑠)
=

𝐽𝑚𝑒𝑞𝑠2 + 𝐾𝑑𝑠 + 𝐾𝑝

−𝐽𝑚𝑒𝑞𝑠2
 (5) 

𝜃𝑙(𝑠)

𝛿(𝑠)
=

||
|
|
|𝑠2 + 𝐾𝑑

𝐽𝑚𝑒𝑞
𝑠 +

𝐾𝑝
𝐽𝑚𝑒𝑞

−𝑠2

||
|
|
|

=
𝑠2 + 2𝜁𝜔𝑛𝑠 + 𝜔𝑛

2

−𝑠2
 (6) 

As seen in Fig. 2a, the free space envelope of an 
uncompensated system (i.e. open-loop system) has a normalized 
magnitude of one across all frequencies and is decoupled for 
oscillation amplitudes less than the backlash width. When a 
proportional-derivative (PD) relative motion controller is 
introduced, the free space envelope is widened, allowing for 
large amplitude low impedance free space motions, especially at 
low frequencies (Fig. 2a). The size of the free space envelope, 
as measured by the range of load oscillation amplitudes and 
frequencies over which the free space is increased, increases 
with the natural frequency, n, and, thus, bandwidth of the 
relative motion controller. The relationship between controller 
gain and backlash width can be seen as a design tradeoff: higher 
gain allows for less backlash while larger backlash can 
accommodate a lower closed-loop bandwidth. It is also 
important to have a well-damped controller with minimal 
overshoot in its transient response, as an underdamped system 
can shrink the free space envelope around the system's natural 
frequency and reduce feelings of free space compared to the 
open-loop system. 

 In (6) we see that the proportional gain and the system’s 
inertia determine the natural frequency and approximately 
determine the width and range of frequencies of the free space 
envelope. Feed-forward control acts on the system differently 
and decouples actuator dynamics directly. This effect can be 
seen by introducing inertial feed-forward control, F(s) = Jffs2, 
where the free space envelope becomes:  

𝜃𝑙(𝑠)

𝛿(𝑠)
=

𝐽𝑚𝑒𝑞𝑠2 + 𝐾𝑑𝑠 + 𝐾𝑝

𝐽𝑓𝑓 − 𝐽𝑚𝑒𝑞 𝑠2
 (7) 

 While ideal free space rendering is theoretically possible 
when Jff = Jmeq (7), this is not achievable in practice given that 
perfect acceleration estimates are not available. Additionally, a 
second-order filter is necessary to make the feed-forward 
controller physically realizable. The filter prevents perfect free 
space rendering results from inertial feed-forward and limits the 
high-frequency effectiveness of feed-forward control. Note that 
over-estimation of inertia results in a decrease in the free space 
envelope’s size compared to a perfectly estimated system. For 
example, in (7) if inertia is overestimated by a factor of two (i.e. 
Jff = 2Jmeq) then the transfer function will have the same 
magnitude as the uncompensated system and free space 
rendering benefits from the feed-forward controller will be lost. 
Further increases beyond this estimated actuator inertia reduce 
the system’s free space rendering capability compared to a 
system without inertial feed-forward. 

 
Figure 2. a) A normalized free space envelope considering PD control. The 
range of free space amplitudes is normalized by the backlash and the 
frequency is normalized by the system’s natural frequency as defined in (6). 
b) The effect of an inertial feed-forward controller on the free space envelope. 
Curves also include a PD controller with a 0.707 damping ratio and a high 
frequency second order filter to make the feed forward control proper. 

IV. RENDERING CONTROL 

Impedance-controlled haptic devices render virtual 
impedances (such as a virtual wall) to users by measuring a 
device's position and commanding a device's force. When 
considering bilateral constraints, this rendering method is akin 
to a closed-loop position control system where the rendering 
impedance is equivalent to the controller’s compensation (i.e. 
PD compensation). The magnitude of the rendering impedance 
(i.e. maximum stiffness or damping) is limited by the gain 
margin of the equivalent closed-loop system. In systems with 
low gear reductions and zero backlash, increasing the rendering 
gain, and thus decreasing the gain margin, can lead to 
oscillations and instability. In systems with large gear reductions 
and where backlash is present, limit cycling can occur as the 
rendering gain is increased [11,12].  

A. Backlash-Induced Limit Cycles 

Backlash induced limit cycles can be understood by 
separately considering the stability of the impedance control 
loop when the backlash gap is open (i.e. motor dynamics alone) 
and when the backlash gap is closed (i.e. rigidly connected load 
and motor dynamics). Specifically, the output inertia and 
damping of the system when the backlash gap is closed is much 
higher than when the actuator is traversing the backlash gap. 
This is especially true when a person is coupled to the output of 
a device. Increased inertia and damping result in an increased 
gain margin, which allows for a larger rendered impedance. Fig. 
3 shows example Bode plots emphasizing the potential 
difference in stability margins while rendering a virtual stiffness. 
Instability resulting in limit cycling can be caused by increasing 
the virtual impedance to a value such that the actuator becomes 
unstable in the backlash gap.  
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Figure 3. Bode plots of the open-loop transfer function showing how the 
system could be unstable when disconnected from the load (i.e. Open Gap) 
and stable when connected to the load (i.e. Closed Gap) for a stiffness. 

B. Limitations on Simplified Linear Limit Cycle Analysis 

As will be shown in Section V, where an experimental 
evaluation is discussed, the analysis of limit cycling per the 
reasoning of the previous section provides reasonable limit 
cycling predictions when the system time delay (due to 
sampling) is small. In systems with larger time delay, it is 
necessary to augment the analysis to include the effects of 
friction and compliance. We can simplify this analysis by 
recognizing that, when a human user is coupled to the driving 
point of the haptic device, the device remains stable over an 
increasing range of gains, in the sense that oscillations don’t 
continually grow, while the disengaged system remains 
unstable. In this case, it is reasonable to assume that the output 
device is fixed (or locked) for the purposes of the limit cycling 
analysis. The augmented system dynamic model is shown in Fig 
4. The equation of motion with a locked output is shown in (8).  

𝜏𝑚 = 𝐽𝑚𝑒𝑞𝜃�̈� + 𝐵𝑚𝑒𝑞𝜃�̇� + 𝐹𝑐𝑠𝑖𝑔𝑛 𝜃�̇� + 𝑁(𝐴)𝐾𝑠𝑝𝜃𝑚 (8) 

Where the new variable Fc represents coulomb friction and N(A) 
represents the backlash or dead zone dynamics.  

 
Figure 4. Simplified “Locked Output” models. A) Dynamic system model 
with impedance control loop, b) A simplified block diagram representation. 

The describing function for coulomb friction and the dead 
zone nonlinearities are given in (9) and (10)  respectively, where 
𝛿 is the backlash or dead zone width and A is the assumed 
amplitude of motion, m = Asin(t) [19,20]. 

𝑁𝐹𝑐(𝑡) =
4𝐹𝑐

𝜋𝜔𝐴
  (9) 

𝑖𝑓 𝐴  ≤  𝛿 

𝑁(𝐴) = 0  
𝑒𝑙𝑠𝑒 

𝑁(𝐴) = 1 − 2

𝜋
𝑠𝑖𝑛−1 𝛿

𝐴
− 2𝛿

𝜋𝐴
1 − 𝛿2

𝐴2  

(10) 

The two describing functions can be embedded in the 
equation of motion (8) and, with some manipulation, result in 
(11) which describes the open-loop dynamics of the locked 
system as a function of frequency and amplitude.  

𝜃𝑚(𝜔)

𝜃𝑚(𝜔)
=

𝐾𝑣𝑒−𝑗𝜔𝑇𝑑

𝑁(𝐴)𝐾𝑠𝑝 − 𝐽𝑚𝑒𝑞𝜔2 + 𝑗 𝐵𝑚𝑒𝑞𝜔 +
4𝐹𝑐
𝜋𝐴

 (11) 

We can treat (11) as the open-loop transfer function of the 
locked device rendering a virtual stiffness Kv and use it to 
evaluate stability, and thus the rendering limits of the system. As 
shown in Fig. 5, the magnitude of the open-loop transfer 
function varies with the assumed amplitude of oscillation, A. 
Fig. 5 shows that at high frequencies the system behaves almost 
identically to the simplified linear system presented in section 
IV-A. It is only at low frequencies that friction, backlash, and 
compliance begin to distort the system’s open-loop frequency 
response. If we assume a system with large time delays the phase 
crossover frequency will occur where the magnitude frequency 
response is flat. Recognizing the DC content of the frequency 
response magnitude is maximized when the amplitude of 
oscillation is at the backlash width (i.e. the yellow dot in Fig. 5) 
allows us to develop an approximate symbolic expression for the 
maximum virtual stiffness before limit cycles are predicted (12).  

1 =

||
|
|
|
𝐾𝑣𝑀𝑎𝑥

𝑗
4𝐹𝑐
𝜋𝛿 ||

|
|
|

→ 𝐾𝑣𝑀𝑎𝑥 ≈
4𝐹𝑐

𝜋𝛿
 (12) 

This is done by setting the DC content (i.e. ω=0) of the open-
loop transfer functions magnitude equal to one, assuming an 
amplitude of non-zero backlash width, δ (i.e N(A) = 0), and 
solving for virtual stiffness Kv. 

 
Figure 5. “Locked Output” open-loop frequency response. Left) The DC 
content of the FRF. Right) The effect of nonlinearities on magnitude. The 
virtual stiffness of the OLTF is Kv=1 such that (12) holds true. 
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Expression (12) provides a good approximation when the 
physical stiffness, Ksp, is much greater than KvMax in (12) and 
time delays are large.   

This analysis shows that at large time delays the limit cycling 
behavior of the system with backlash converges toward a 
constant virtual stiffness. If we solely relied on linear analysis 
from section III-A we would expect limit cycling to occur at 
decreasing virtual stiffness as time delay increases. Instead, the 
combination of friction and compliance causes the maximum 
virtual stiffness before limit cycling to saturate at approximately 
the value predicted by (12).   

C. Gain Scheduling Control Strategy 

As shown earlier in this section, the smaller inertia and 
damping of the system when it is traversing the backlash gap 
results in local instability and limit cycling. This observation 
motivates a gain scheduling (or rendering magnitude 
scheduling) approach, where the rendering magnitudes are 
reduced when traversing the backlash gap to maintain positive 
gain margin.  

To implement the gain scheduling approach, we measure the 
relative motion of the system and detect if the system is 
traversing the backlash gap. To switch between controller gains 
we use the smoothed gain scheduling approximation in (13) and 
shown in Fig. 6. 

𝑓 (𝛼, 𝛽, 𝛥, 𝛥𝜃) = 1 − 𝛼

⎝
⎜
⎜
⎜
⎛

1

1 + 𝛥𝜃
𝛥

𝛽

⎠
⎟
⎟
⎟
⎞

 (13) 

In (13) β is an even-valued smoothing parameter that controls 
the transition between the high gain controller and the reduced 
gain controller. The gain reduction factor, α, is adjusted to 
eliminate limit cycling that occurs when traversing the backlash 
gap. The transition point, Δ, sets the value where the gain has 
changed by half its full-range value, and ∆θ is the estimated 
relative deflection between the motor and load. Proper tuning of 
the gain scheduling approach requires measuring the actuator's 
backlash directly. The transition point, Δ, and the smoothing 
parameter, β, are adjusted to envelop the backlash gap. 
Subsequently, the gain reduction factor, α, reduces the gain in 
the backlash gap to achieve stable operation.  

 
Figure 6. Impact of parameters on the smoothed gain scheduling function 
while varying the transition point, varying the smoothing factor, and varying 
the gain reduction factor. 

 
Figure 7. A one degree of freedom haptic actuation testbed and a voice coil 
and force sensor interface to provide disturbances to the system.  

V. EXPERIMENTAL EVALUATION 

To investigate the control strategies presented here, we 
developed a one degree of freedom haptic interface (see Fig. 7). 
The actuator consists of a stock geared RE35 Maxon DC Motor 
(PN: 484753), with a 1024 count per revolution input encoder 
and a 28:1 two-stage planetary speed reducer. The motor is 
attached to the driving point handle of the haptic device with a 
rigid coupling to limit compliance. A US digital encoder (PN: 
E5-5000-375-IE-D-E-H-G-D) with 5000 counts per revolution 
measures the actuator's output position. Control methods run on 
a TI LAUNCHXL-F28069M development board operating at 
1000 Hz sample frequency. The test stand also includes a Kimco 
linear voice coil actuator (PN: LA12-17-000A) and a strain 
gauge force sensor to measure interaction forces between the 
haptic actuator and the voice coil (PN: TAL220B-5Kg). Both 
the haptic actuator and voice coil are current-controlled with 
Copley Junus amplifiers (PN: JSP-090-10) and have an 
estimated current control bandwidth of 700 hertz. 

A. Free Space Envelope Experimental Validation 

The free space envelope defines the range of device output 
amplitudes and frequencies over which the actuator dynamics 
(i.e. motor inertia and damping) remain isolated from the output. 
Using the testbed described in the previous section, we 
experimentally validated its free space envelope by disturbing 
the system such that it narrowly remained within its free space 
envelope. The experiment was performed over a range of 
controller proportional gains, Kp. The voice coil actuator 
attached to the device's output supplied a disturbance consisting 
of a chirp signal from 1 to 50 hertz. The results are shown in Fig. 
8. We found that a gain reduction of 50 percent was effective at 
mitigating limit cycles while maintaining the intended output 
impedance of the device.  As shown in Fig. 8 increasing the 
proportional gain, Kp, increased the motion controller’s 
bandwidth and natural frequency, resulting in an elevated low-
frequency asymptote and an expanded free space envelope. For 
the specific device evaluated here the free space envelope was 
appreciably increased at a proportional gain of 70 [Nm/rad], 
resulting in approximately 0.45 rad of allowable output handle 
motion at 2 Hz as compared to the 0.005 rad of allowable motion 
from the backlash width alone. 
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Figure. 8. The experimentally measured free space envelope for increasing 
proportional gains, Kp, compared to theoretical results. The frequency 
response function was constructed using a Hanning window, 50 percent 
overlap, and 400 frequency averages.    

 Proportional gains as high as 400 [Nm/rad] were 
implemented, resulting in a theoretically computed free space 
motions of approximately 2.35 rad at 2 Hz. These results were 
not included in Fig. 8 due to the limitations of the experimental 
validation setup (i.e. The input could not be forced to reach the 
backlash width at 2 hz). As the proportional gain is increased, 
the system's damping ratio is lowered. At higher values of 
proportional gain (Kp, = 70 [Nm/rad]), and without additional 
damping (i.e. Kd is kept constant), the controlled system 
becomes underdamped and the resulting resonance results in a 
reduced free space envelope in the vicinity of the controlled 
system’s resonance frequency. At high frequencies (above the 
controller bandwidth) the motor can no longer effectively track 
the output position, causing the free space envelope magnitude 
to converge to one (i.e. equal to the backlash width). In this case, 
the load oscillations dominate the relative position output, 
forcing the free space envelope to converge to the backlash 
width. As shown in Fig. 8, the theoretically predicted free space 
envelope curves capture the experimental behavior. Deviations 
between theoretical and experimental results might be attributed 
to nonlinear friction in the gearhead.  

B. Stability and Limit Cycle Experimental Validation 

To validate the limit cycle analysis of Section V and explore 
the rendering performance of our proposed control approach, we 
experimentally evaluated the maximum achievable rendering 
stiffness. We measured the range of stable bilateral stiffness that 
our device can achieve under increasing time delays with a 
locked (or fixed) output (see Fig. 9). Limit cycling boundaries 
were experimentally determined by increasing the virtual 
stiffness and perturbing the system until a limit cycle was 
observed. The stiffness is subsequently decreased until the 
system stopped limit cycling. The stiffness where the limit cycle 
could no longer be sustained was considered the stability 
boundary in both the fixed output and human interaction test 
cases.  

As seen in Fig. 9, the linear analysis from section IV-A 
predicts the limit cycling behavior well with a fixed device 
output and small time delays. However, for larger time delays 
the observed limit cycles deviate from the linear analysis. The 
numerical describing function analysis matches the 
experimental data across a wide range of time delays and 
converges toward the approximate analytical maximum stiffness 
(14) for large time delay values.  

 
Figure. 9. The regions under the data represent regions of stable operation. 
Numerically predicted solid line from the describing function analysis. Gain 
scheduling parameters were set at β=30, Δ=0.007 rad, and α= 0.5 

Additionally, we evaluated the onset of limit cycling 
behavior using the smoothed gain scheduling function described 
in section IV-C. The evaluation was performed while a user 
firmly gripped the device output. Results from this test show as 
much as a 70 percent increase in the limit cycle free range of 
stiffness as compared to the condition without the gain 
scheduling approach. We found that setting the transition point, 
, slightly wider than the backlash width, , while using a large 
smoothing parameter (β=30) and a gain reduction, , of 50 
percent was effective at mitigating limit cycles while 
maintaining the intended output impedance of the device.  

VI. ACTUATION APPROACH LIMITATIONS 

While backlash and our control approach offer benefits, 
limitations still persist with regard to the output impedance of 
the device.  Rendering distortion due to backlash occurs when 
the load and motor side are no longer connected. For virtual 
stiffness rendering, backlash-induced force artifacts manifest 
themselves under small output deflections. While not evaluated 
here, it is also likely that the distortion is more noticeable as the 
backlash width is increased and when using a bilateral stiffness 
constraint. Additional rendering distortion can result from the 
tuning of the gain scheduling parameters. For example, 
adjustment of the gain scheduling transition width, , can result 
in lower perceived output impedance when it is set too large 
relative to the backlash width. When  is too small it could harm 
the controller’s ability to suppress limit cycles. Additionally, the 
gain reduction in the backlash gap could allow users to perceive 
a lowered output impedance. In our experience, tuning the 
approach is easy in practice and rendering distortion is minimal. 

VII.  CONCLUSION, AND FUTURE WORK 

We have demonstrated a control approach that enables 
geared haptic actuators with backlash to produce highly 
transparent free space motion, high-force output, and high 
rendering stiffness. Future work should quantify and address 
rendering distortion along with extending the work to a multi-
degree-of-freedom system.  
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